
 

 
 ِ◌ (20)   3.6   The Chain Rule 

Example 1 
7  June 17,  1993 

Suppose   f   is a function given by ݂ሺݔሻ = ሺ1 + ݔ     , ሻଵݔ5 ∈ ℛ  

. Find lim௫→ ݂ሺݔሻ − ݔ1   

Solution ݂ሺݔሻ = ሺ1 + ሻଵ                           ݂ሺ0ሻݔ5 = 1 ݂\ሺݔሻ = 10ሺ1 + ሻଽݔ5  ∙ 5 = 50ሺ1 + ሻଽ  ݂\ሺ0ሻݔ5 = 50ሺ1 + 0ሻଽ = ܮ 50 = lim௫→ ݂ሺݔሻ − ݔ1 =  lim௫→ ݂ሺݔሻ − ݂ሺ0ሻݔ − 0  =  ݂\ሺ0ሻ = 50 
 

Example 2     
52   April 9, 2009 A 

Evaluate the following limit, if it exists lim௫→ଵ ଶଷݔ − ݔ1 − 1  

Solution Let  ݂ሺݔሻ = ଶଷ                   ݂ሺ1ሻݔ  = 1                 ݂\ሺݔሻ = ଵଷିݔ 23    

lim௫→ଵ ଶଷݔ    − ݔ1 − 1  =   lim௫→ଵ    ݂ሺݔሻ − ݂ሺ1ሻݔ − 1 =  ݂\ሺ1ሻ =  23 ሺ1ሻିଵଷ =  23  
 

Example 3 
8  August 28,  

1993 
Evaluate lim௫→గଶ

4 sinସ ቀ2ݔቁ − ݔ1 − 2ߨ  

Solution Let  ݂ሺݔሻ = 4 sinସ ቀ2ݔቁ     ⇨ ∴  ݂ ቀ2ߨቁ = 4 sinସ ቀ4ߨቁ = 4 ൬ 1√2൰ସ = 4 ∙ 14 = 1 

ܮ =  lim௫→గଶ
4 sinସ ቀ2ݔቁ − ݔ1 − 2ߨ =  lim௫→గଶ

݂ሺݔሻ − ݂ ቀ2ߨቁݔ − 2ߨ  =  ݂\ ቀ4ߨቁ 

                 ݂\ሺݔሻ = 16 sinଷ  ௫ଶ  ∙ cos ௫ଶ  ∙ ଵଶ  ܮ =  ݂\ ቀ4ߨቁ = 8 sinଷ 4ߨ   ∙ cos 4ߨ  =   8 ൬ 1√2൰ଷ  ∙ 1√2 = 8 ∙ 4 = 32 
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Example 4 
59    9 July 2011 

 [2 + 2 pts. ] : Consider the function ݃ሺݔሻ = ൫ sinሺݔߨሻ + ൯ଷ   ݔ √
 

( a ) Find  ݃\ሺݔሻ. 
( b ) Find an equation for the tangent line to the curve ݕ = ݃ሺݔሻ  at ݔ = 1 

Solution ݃\ሺݔሻ = 3൫  sinሺݔߨሻ + ൯ଶ   ݔ √ ൬ߨ cosሺݔߨሻ + ൰ ݃\ሺ1ሻ ݔ √12 = 3൫  sinሺߨሻ + √ 1   ൯ଶ ൬ߨ cosሺߨሻ + 12√ 1 ൰ = 3ሺ  0 + 1  ሻଶ ൬ߨሺ−1ሻ + 12൰ = 3 ൬12 − ൰ߨ = 32 ሺ1 − ሻ ݃ሺ1ሻߨ2 = ൫  sinሺߨሻ + √ 1  ൯ଷ = ሺ  0 + 1  ሻଷ = 1 ݉ = 32 ሺ1 − , ሺ 1                   ሻߨ2 1 ሻ ݕ − ଵݕ = ݉ሺݔ − ݕ ଵሻݔ − 1 = 32 ሺ1 − ݔሻሺߨ2 − 1ሻ 

 
Example 5 
44   November 

9, 2006 
Find ݀ݔ݀ݕ where  ݕ = ሾcosሺݔଶ − 1ሻሿହ 

Solution ݀ݔ݀ݕ = 5ሾcosሺݔଶ − 1ሻሿସ  ∙ ሾ− sinሺݔଶ − 1ሻሿ ∙  ݔ2
 

Example 6 
6  April 8,  1993 Find ݕ\ if ݕ = cosଷ ൬secଶ ቀඥݔଶ − ݔ3 + 1ቁ൰ 

Solution ݕ\ = 3cosଶ ቂsecଶ ቀඥݔଶ − ݔ3 + 1ቁቃ ∙ ቀ− sin ቂsecଶ ቀඥݔଶ − ݔ3 + 1ቁቃቁ ∙ 2 sec ඥݔଶ − ݔ3 + 1                ∙ sec ඥݔଶ − ݔ3 + 1  ∙  tan ඥݔଶ − ݔ3 + 1  ∙ ݔ2  − ଶݔ√32 − ݔ3 + 1 
 

Example 7 
43    June 28, 

2008 
Let  ݂ሺݔሻ = ሺݔଶ − 1ሻ sec൫√ݔ − 1൯ + tanሺݔଷ − 1ሻ .  Find ݂\ሺݔሻ. 

Solution ݂\ሺݔሻ = ݔ2 sec൫√ݔ − 1൯ + ሺݔଶ − 1ሻ sec൫√ݔ − 1൯ tan ݔ√ − 1 ∙ ݔ√12 − 1 + secଶሺݔଷ − 1ሻ ∙  ଶݔ3
 

Example 8 
39   July 3, 2004 Find ݀ݔ݀ݕ where ݕ = ݔ sin 1ݔ + cot   ݔ

Solution         ݀ݔ݀ݕ =  ሺ1 + cot ሻሺsinݔ ݔ + ݔ cos ሻݔ − ݔ sin ݔ ሺ− cscଶ ሻሺ1ݔ + cot ሻଶݔ  
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Example 9 
Let   f   be function such that   ݂\ሺݔ) = ݔ݀݀ find ݔ1 ൫݂ሺsec ݔ + tan  ൯(ݔ

Solution ݀݀ݔ ൫݂ሺsec ݔ + tan ൯(ݔ = ݂\ሺsec ݔ + tan (ݔ ∙ ݔ݀݀ ሺsec ݔ + tan =                              (ݔ  1sec ݔ + tan ݔ  ∙ ሺsec ݔ tan ݔ + secଶ (ݔ =  sec ݔ ሺtan ݔ + sec sec(ݔ ݔ + tan ݔ  =  sec  ݔ
 

Example 10 If   ݂\ሺݔ) = sinሺݔଶ)  and  ݕ = ݂ ൬2ݔ − ݔ1 + 1 ൰ find ݀ݔ݀ݕ 

Solution ݀ݔ݀ݕ        =  ݂\ ൬2ݔ − ݔ1 + 1 ൰ ∙ ݔ݀݀ ൬2ݔ − ݔ1 + 1 ൰  =  sin ൬2ݔ − ݔ1 + 1 ൰ଶ ∙ ሺݔ + 1) ∙ 2 − ሺ2ݔ − 1)ሺݔ + 1)ଶ  

Example 11 
36   April 19, 2003 A If ݕ = ൬ݑ − ݑ1 + 1൰ଷ

 and ݑ = √2 − ݐ3 − ଶయݐ , Find 
ݐ݀ݕ݀  at  ݐ = 2 

Solution ݀ݐ݀ݕ = ݑ݀ݕ݀  ∙ ݐݑ݀݀ ݐ  ݐܽ           = 2       ⇨ ݑ = ඥ2 − ݐ3 − ଶయݐ =  √−8య = ݐ݀ݕ݀ 2−  = 3 ൬ݑ − ݑ1 + 1൰ଶ ∙ ሺݑ + 1) − ሺݑ − 1)ሺݑ + 1)ଶ ∙ 13 ሺ2 − ݐ3 − ଶ)ଶଷݐ ∙ ሺ−3 − =        (ݐ2  3 ൬13൰ଶ ∙ −1 − ሺ−3)1 ∙ 13 ሺ−8)ଶଷ ∙ ሺ−3 − 4)         =  13  ∙  21  ∙ 13  ∙ 4 ∙  ሺ−7) =  −569  

Example 12 
42   March 29, 2006 Find ݀ݔ݀ݕ If     ݕ = ሺݑଶ + ݑ + 1)ଶ   and   ݑ = ݔ√ sec ݔ + 1య  

Solution ݕ = ሺݑଶ + ݑ + 1)ଶ                             ݑ = ሺݔ sec ݔ + 1)ଵଷ  ݀ݔ݀ݕ = ݑ݀ݕ݀  ∙   ݔ݀ݑ݀
     = 2ሺݑଶ + ݑ + 1) ∙ ሺ2ݑ + 1) ∙ ଵଷ ሺݔ sec ݔ + 1)షమయ ∙ ሺsec ݔ + ݔ sec ݔ tan  (ݔ

 

Example 13 
25   December 

10,  2000 
Find ݂\(ߠ) if ݂ሺߠ) = .ଶߠ sec ߠ − 4൫1 + రߠ√ ൯ଷ 

Solution ݂ሺߠ) = .ଶߠ sec ߠ − 4൫1 + రߠ√ ൯ଷ = .ଶߠ  sec ߠ − 4 ൬1 + ଵସ൰ିଷߠ
 

݂\ሺߠ) = ߠ2 sec ߠ + .ଶߠ sec ߠ tan ߠ −  4ሺ−3) ൬1 + ଵସ൰ିସߠ  ∙ 14 ଷସିߠ  
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Homework 
 

1 Evaluate lim௫→ଵ ሺ4ݐ − ଶ)ହݐ3 − ݐ1 − 1   

2 Given that   ݂\ሺ2) = 44  find    lim௫→ ݂ሺݔ) − ݂ሺ2)ݔଶ − 4  1  January  1990

3 Evaluate lim௫→ ݔ√ + 8య − ݔ2  

4 Evaluate lim௫→ ሺݔଶ + ݔ − 1)ହ − ݔ1   

5 Find ݂\ሺݔ), if  ݂ሺݔ) = ଷݔ tan ݔ2 + secሺݔଶ + 4) 35   October  31, 2002 A 

6 Find  ݂\ሺݔ)  where   ݂ሺݔ) = cscଶ 5ݔ + csc   ݔ3

7 Find  ݂\ሺݔ) where ݂ሺݔ) = sinଷ ൬ ଶݔ2√ݔ + 1൰ 45    March 28, 2007

8 Find  ݂\ሺݔ)  where   ݂ሺݔ) = ݔ√ + 1 sinଷ ቀ 1ݔ +  ቁ 2   May 20,  1993ݔ

9 Find  ݂\ሺݔ) where ݂ሺݔ) = tanሺ3ݔଶ + 5)1 + sinଶ ݔ   

10 Find  ݂\ሺݔ)  where   ݂ሺݔ) = sec ଷݔݔ + cot March 31, 2004   38 ݔ

11 Find  ݂\ሺݔ)  where   ݂ሺݔ) = ଶݔ sin 1ݔ + cos March 30, 2005   41 ݔ

12 Find  ݂\ሺݔ)  where   ݂ሺݔ) = sinଷሺݔଶ + 7) 54   November 16, 2009 A
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Homework 
 

13 Find  ݂\ሺݔሻ  where   ݂ሺݔሻ = sinሺcos ሻݔ + secሺ3ݔሻ2ݔ − 1 10  June 6,  1994

14 Find ݂\ሺݔሻ, where  ݂ሺݔሻ = sinସሺ5ݔଷ + ݔ + 2ሻ − csc ଶݔ√ + 1 40   October  28, 2004 A

15 If   ݂ሺݔሻ = ඥ3ݔ − sinଶሺ4ݔሻ,య       find    ݂′ሺݔሻ. 26   June  7,   2003

16 Find  ݂\ሺ1ሻ  where   ݂ሺݔሻ = ඥ1 + ଶݔ − ସݔଷݔ + 1. 33   January 20, 2009

17 Find ݂′ሺݔሻ where   ݂ሺݔሻ = ݔ cot ହݔଶݔ + 1  35    August 15, 2009

18 Let     ݂ሺݔሻ = sinሺcos ሻݔ + secሺ3ݔሻ .  Find    ݂\ሺݔሻ  

19 Find  ݂\ሺݐሻ If ݂ሺݐሻ = tan ቀඥݐଶ + 1ቁ + ଶݐሺݐ + 1ሻହ 26   May 10, 2001

20 Find ݕ\  if ݕ = ቂtan ቀ2ݔቁ + cos ቃଷݔ2
 

47   November  10, 2007 A

21 If ݕ = sinଶඥ5ݔଷ − ݔ2 + tan ൬ݔ + ݔ1 − 2൰ . Find 14 \ݕ  March 28, 1996 

22 Find ݀ݔ݀ݕ where ݕ = ሺݔଶ + 1ሻଷ tan ݔݔ  36   January 17, 2010 

23 Find ݀ݔ݀ݕ where ݕ = secሺݔሻ tanሺݔሻ +  ଶଷ 49    July 5, 2008ݔ6

24 Find ݀ݔ݀ݕ where ݕ = secଶሺ3ݔሻ + ଶݔݔ − 1 50   November 17, 2008 A 
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Homework 
 

25 Find ݀ݔ݀ݕ , if  ݕ = tan ଶݔ√ + 1 + cosହሺݔଷ + 5ሻ . 28   Dec 20, 2001 

26 Find ݀ݔ݀ݕ If   ݕ = ሾsinሺݔଶ + 10ሻሿଶ. 29    July 25th, 2002 

27 Find ݀ݔ݀ݕ where ݕ = sec ቆ ଶݔݔ√ + 1ቇ 42   May 5, 2008 

28 Find ݀ݔ݀ݕ where ݕ = ݔ ቈsin ቆݔଶ + ݔ1 + 1 ቇଷ
 29    June 4. 2007 

29 Find the derivative of ݕ = tanଶඥ1 + secଶݔଷ 15    February 12.1996 

30 Find the derivative of ݕ = secଷ ൬ݔ + ݔ√1 ൰ 14  January  6, 1996

31 
Let   f   be function such that ݂\ሺݔሻ =  find ݔ1

ݔ݀݀  ൫݂ሺݔଶ + 1ሻ൯ 

32 If  ݕ = ଶݔ3 − ݔ√2 + 1    and ݔ = ଷݐ + ଶݐ + 1  find   
 ฬ௧ୀଵ 9  January  8, 1994ݐ݀ݕ݀

33 If     ݕ = ଶݑ − ݑ5 + 1 and ݑ = ݔ − ݔ1 + 1 Find ݀37 ݔ݀ݕ   July 12, 2003 A

34 
Let   ݕ = ଶݑ3√ + ݑ5 + 3 and ݑ = 2 − secଶ ݔ − cot     Find  ݔ

44   November 9, 2006݀ݔ݀ݕ at ݔ =  4ߨ
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Homework 
 

35 Let  ݕ = ଶݎ − ݎ√6 + 1, and  ݎ = 8 tan ݐߨ . Find ݀ݐ݀ݕ  at  ݐ = 4 25   December 10, 
2000 

36 
Let ݕ = ଶݎ1 − ݎ2 and ݎ = 1 + tan ൬ ݐߨ2 − 1൰    

29    July 25th, 2002 

Find ݀ݐ݀ݕ  at  ݐ =  3.     

37 
If ݕ = ሺݑ − 1ሻଶݑଶ + 1  and ݑ = secଶ ݔ + 1 , then 

34   July 22, 2004 

Find ݀ݔ݀ݕ at ݔ =     4ߨ

38 
If ݕ = ඥݑଶ + ݑ + 7 and ݑ = ଶݔ + 1√1 + tan యݔ  

17   January   8 ,1997 

then Find ݀ݔ݀ݕ at ݔ = 0    

39 
Let ݕ = ඥ2ݐଶ + ݐ − 9య  and ݐ = cot ݔ2 + cscଶ2ݔ − 4 

21   May 27. 2001 

Find ݀ݔ݀ݕ at ݔ =     8ߨ

40 
Use the chain rule to find ݀ݐ݀ݕ  at ݐ = 4ߨ , where 

30   Jan. 12. 2008 ݕ = ඥݑଶ + ݑ − 1య  and ݑ = secଶ ݐ − 2√3 + tan  ݐ

41 Find  ݂′ሺݔሻ, if ݂ሺݔሻ = sinହሺݔଷ + 1ሻସ 19   July  29,  2000  
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Homework 
 

42 
[3 pts. ]  Find the derivative of the following functions.   

݂ሺݔሻ = ݔሾݔ + ሺݔ + cosଶ   ሻଷሿ  58   7April 2011ݔ

43 

[3 pts. ]  Find the derivative of the following functions.   

݃ሺݐሻ = ඨ ଶݐݐ + 4  58   7April 2011  

44 Find ݂\ሺݔሻ , where ݂ሺݔሻ = sinଶ൫1 +  ൯ (3 pts.)               57   November 8, 2010ݔ√

45 

(3 Points) Let ݕ = ଵଶ ଶݒ4√ − ݒ4 + 1   and 49   July 24,  2010 

ݒ = cosሺݔଶሻ + 12 − tan ݔ  Find at .ݔ = 0 

44 Find ݀ݔ݀ݕ where ݕ = ሺݔଶ − 5ሻଷ sinሺݔସ − ݔ3 + 1ሻ 38   January 15, 2011  

45 Let    ݂ሺݔሻ = secସ ቆ2√ݔ + ଶݔ1 + 5 ቇ ϐind ݂\ሺݔሻ 8  August 28,  1993 

 

45 
8  August 28,  1993 Let   ݂ሺݔሻ = secସ ቆ2√ݔ + ଶݔ1 + 5 ቇ ϐind ݂\ሺݔሻ 

Solution 

݂\ሺݔሻ =  4secଷ ቆ2√ݔ + ଶݔ1 + 5 ቇ ∙ sec ቆ2√ݔ + ଶݔ1 + 5 ቇ tan ቆ2√ݔ + ଶݔ1 + 5 ቇ  ∙   ሺݔଶ + 5ሻ ∙ ݔ√1 −  ൫2√ݔ + 1൯ሺ2ݔሻሺݔଶ + 5ሻଶ  
 


